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Fast and versatile fluid-solid coupling for turbulent flow simulation [Lyu et al. 2021]A comparison of linear consistent correction methods for first-order SPH derivatives [Westhofen et al. 2023]

Lagrangian Point-based Methods Eulerian and Hybrid Methods
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Lagrangian Point-based Methods - Overview

👍 Simplest primitive 

👍 Versatile description of many objects 

👍 Suitable for topology changes 

👍 “Locking” particle arrangements
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Versatile rigid-fluid coupling for incompressible SPH [Akinci et al. 2012]
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Lagrangian Point-based Methods - Method zoo

• Smoothed Particle Hydrodynamics (SPH) 

• Moving-Least Squares (MLS) 

• Reproducing Kernel Particle Method (RKPM) 

• Discrete Element Method (DEM)* 

• Moving Particle Semi-implicit Method (MPS) 

• Peridynamics
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✅ Multiphysical 

✅ Graphics

🤔 Multiphysical 

🤔 Graphics
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Lagrangian Point-based Methods - Equations of Motion
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ρ
Dv
Dt

= − ∇p + μ∇2v + f

Δt∇2p =
Dρ
Dt

Δt∇2p = ρ(∇ ⋅ v)

Pressure-Poisson Equation (PPE) Compression
ρ > ρ0

Expansion
ρ < ρ0

🚨 Pressure Clamping 🚨

Dρ
Dt

= − ρ(∇ ⋅ v) = 0
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Lagrangian Point-based Methods - Fluid

• Explicit [Müller et al. 2003]
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Lagrangian Point-based Methods - Fluid

• Explicit [Müller et al. 2003] 

• Constraint-based [Bodin et al. 2012]  
[Macklin and Müller 2013]
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Lagrangian Point-based Methods - Fluid

• Explicit [Müller et al. 2003] 

• Constraint-based [Bodin et al. 2012]  
[Macklin and Müller 2013] 

• Implicit [Solenthaler and Pajarola 2009] [Ihmsen et al. 2014]  
[Bender et al. 2017]
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Lagrangian Point-based Methods - Fluid

• Explicit [Müller et al. 2003] 

• Constraint-based [Bodin et al. 2012]  
[Macklin and Müller 2013] 

• Implicit [Solenthaler and Pajarola 2009] [Ihmsen et al. 2014]  
[Bender et al. 2017] 

• Compressible [Gissler et al. 2020] [Weiler et al. 2016]
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Lagrangian Point-based Methods - Fluid
• Multiphase 

• Multi-fluid [Solenthaler and Pajarola 2008] 

• Mixing and dissolution [Xu et al. 2023] [Ren et al. 2021] 
[Yan et al. 2016] 

• Turbulence 

• Micropolar [Bender et al. 2019] 

• Vorticity Refinement Monte Carlo [Ye et al. 2024] 
[Liu et al. 2021] 

• Surface Tension 

• Curvature [Xing et al. 2022] [Zorilla et al. 2020] [Müller et al. 2003] 

• Cohesion [Jeske et al. 2023] [Yang et al. 2017]
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Lagrangian Point-based Methods - Rigid

• Sample with Particles 

• Force-based [Becker et al. 2009] 

• Pressure-based [Akinci et al. 2013] 
[Akinci et al. 2012] 

• Rigid-rigid & rigid-fluid  
[Probst and Teschner 2023] [Gissler et al. 2019] 

• Implicit boundaries [Winchenbach et al. 2020]  
[Bender et al. 2020] [Fujisawa and Miura 2015]
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Lagrangian Point-based Methods - Solids
• Elasticity 

• Linear [Solenthaler et al. 2007] 

• Corotational [Becker et al. 2009] 

• Implicit coronated linear [Kugelstadt et al. 2021]  
[Peer et al. 2018] 

• Non-linear [Kee et al. 2023] 

• Plasticity 

• Mohr Coulomb [Lenaerts and Dutré 2009] 

• Drucker Prager [Alduán and Otaduy 2011] [Ihmsen et al. 2013] 

• Snow [Gissler et al. 2020]
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Lagrangian

Eulerian and Hybrid Methods - Overview

👍 Spatial Derivatives 

👍 Energy conservation 

👍 Boundary conditions 

👍 Parallelization
20

Eulerian

Hybrid

Dq
Dt

=
∂q
∂t

+ v ⋅ ∇q

Algorithm [Bridson 2008] 
========= 
1. Explicit Grid Force 

Computation 
2. Pressure Projection 
3. Advection
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Eulerian and Hybrid Methods - Overview

21

Hybrid

Algorithm [Jiang et al. 2016] 
========= 
1. Particle-to-Grid 
2. Grid Velocity 

Computation 
3. Explicit Grid Force 

Computation 
4. Grid Velocity Update 
5. Deformation Gradient 

Update 
6. Grid-to-Particle 

Transfer 
7. Particle Advection

Lagrangian 🔗 Eulerian = MPM 

✨Mass conservation 

✨Transient grid 

✨Parallelization 

✨GPU suitable

Eu
ler

ian
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Eulerian and Hybrid Methods - Eulerian Coupling

• Rasterize [Takahashi et al. 2002]  
[Foster and Metaxas 1996] 

• Immersed boundary method 
[Li et al. 2020] [Carlson et al. 2004] [Peskin 2002] 

• Cut-Cell [Shi et al. 2024] [Tao et al. 2019] 
[Roble et al. 2005] 

• Rigid-fluid coupling 

• Partitioned [Akbay et al. 2018] 

• Monolithic [Takahashi and Batty 2022] 
[Takahashi and Batty 2020]
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Eulerian and Hybrid Methods - Hybrid Stability and Multiphysics

• Point-to-grid transfers 

• Affine PIC [Jiang et al. 2015] 

• Poly PIC [Fu et al. 2017] 

• Power PIC [Qu et al. 2022] 

• Impulse PIC [Sancho et al. 2024] 

• Time-stepping 

• Explicit [Bai and Schroeder 2022] [Wang et al. 2020] 
[Sun et al. 2020] 

• Implicit [Hyde et al. 2020] [Fang et al. 2019]  
[Hu et al. 2018] [Gast et al. 2015]

26



Multiphysics Simulation Methods in Computer Graphics – EG 2025, London

Eulerian and Hybrid Methods - Hybrid Stability and Multiphysics

• Point-to-grid transfers 

• Affine PIC [Jiang et al. 2015] 

• Poly PIC [Fu et al. 2017] 

• Power PIC [Qu et al. 2022] 

• Impulse PIC [Sancho et al. 2024] 

• Time-stepping 

• Explicit [Bai and Schroeder 2022] [Wang et al. 2020] 
[Sun et al. 2020] 

• Implicit [Hyde et al. 2020] [Fang et al. 2019]  
[Hu et al. 2018] [Gast et al. 2015]

27



Multiphysics Simulation Methods in Computer Graphics – EG 2025, London

Eulerian and Hybrid Methods - Hybrid Stability and Multiphysics

• Point-to-grid transfers 

• Affine PIC [Jiang et al. 2015] 

• Poly PIC [Fu et al. 2017] 

• Power PIC [Qu et al. 2022] 

• Impulse PIC [Sancho et al. 2024] 

• Time-stepping 

• Explicit [Bai and Schroeder 2022] [Wang et al. 2020] 
[Sun et al. 2020] 

• Implicit [Hyde et al. 2020] [Fang et al. 2019]  
[Hu et al. 2018] [Gast et al. 2015]

28



Multiphysics Simulation Methods in Computer Graphics – EG 2025, London

Eulerian and Hybrid Methods - Hybrid Materials

• Snow [Stomakhin et al. 2013] 

• Phase-change [Tu et al. 2024] 
[Su et al. 2021] [Stomakhin et al. 2014] 

• Granular  
[Li et al. 2022] [Tampubolon et al. 2017]  
[Klár et al. 2016]  
[Daviet and Bertails-Descoubes 2016] 

• Magnetic [Sun et al. 2021]
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Eulerian and Hybrid Methods - Hybrid Multiphysics Materials

• Snow [Stomakhin et al. 2013] 

• Phase-change [Tu et al. 2024] 
[Su et al. 2021] [Stomakhin et al. 2014] 

• Granular  
[Li et al. 2022] [Tampubolon et al. 2017]  
[Klár et al. 2016]  
[Daviet and Bertails-Descoubes 2016] 

• Magnetic [Sun et al. 2021]
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Part III - Summary
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Lagrangian Eulerian Hybrid

🏆 Topology changes 

🏆 Contact 

🏆 Fluid-rigid coupling

🏆 Air and smoke 

🏆 Turbulence 

🏆 Bounded domains

🏆 Topology changes 

🏆 Complex material models 

🏆 Cutting and fracture


