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Elastic Energies in Computer Graphics
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Dynamic Deformables [Kim, Eberle 2022] Discrete Elastic Rods 
[Bergou et al. 2008]

Analytic Eigensystems [Smith et al. 2019] Normal-Driven Spherical Shape Analogies 
[Liu, Jacobson 2021]

Deformable Solids Cloth & Shells Rods

Surface Parametrization Shape Stylization & Optimization

Progressive Dynamics for Cloth and Shell Animation 
[Zhang et al. 2024]

Second-Order Finite Elements for Deformable Surfaces 
[Le et al. 2023]
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Multiphysics Energies
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Strongly Coupled Simulation of Magnetic Rigid Bodies 
[Westhofen et al. 2024]

Magnetism

Contact Rigid Bodies Multibody Systems

Codimensional Incremental Potential Contact [Li et al. 2021] Intersection-free Rigid Body Dynamics [Ferguson et al. 2021] A Unified Newton Barrier Method for Multibody Dynamics 
[Chen et al. 2022]

Fluids

A Contact Proxy Splitting Method for Lagrangian Solid-Fluid Coupling 
[Xie et al. 2023]

Heating & Wetting

Physical Simulation of Environmentally Induced Thin Shell Deformation 
[Chen et al. 2018]
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Energy-Based Multiphysics Modeling

Unifying mathematical formulation 

• Physical systems modeled by scalar potentials 

• Constraints modeled by barrier potentials or penalties 

Typically 

• …leads to fully implicit, primal formulation  

• …solved as unconstrained optimization problem
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Incremental Potential Contact [Li et al. 2020]
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• Naturally described using energies 

• Change in shape → change in internal energy 

• Simple spring-based models 

→ e.g.   

• Continuum-based models: strain energy densities 
→ e.g. Stable Neohookean: 

ϕspring(x) =
1
2

κ (∥xi − xj∥ − L0)
2

ΨSNH =
μ
2

(tr(F⊤F) − 3) − μ(det F − 1) +
λ
2

(det F − 1)2

Elastic Deformables
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Higher-Order Time Integration for Deformable Solids [Löschner et al. 2020]
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Properties: 
✅ Easy to implement 

✅ Extremely fast implementation variants 

💥 No inherent volume conservation 

💥 Elastic behavior extremely mesh dependent 

Mass Spring Systems

• Needs mesh of geometry (e.g. cloth → tri mesh, solid → tet mesh) 

• Vertices  become point masses: position  and mass  

• Edges  become springs: stiffness  and rest length  

• Energy potential per edge:

i ∈ 𝒱 xi mi

(i, j) ∈ ℰ κij Lij
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ϕij =
1
2

κij (∥xi − xj∥ − Lij)
2

fi = −
∂ϕij

∂xi
= − κij (∥xi − xj∥ − Lij)

xi − xj

∥xi − xj∥

Hooke’s law:
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• Lagrangian description using reference configuration  

• Displacement field  gives current configuration  

• Deformation gradient: local linear transformation of material around a point 

 

Encodes transformation, not just deformation: 

• Stretching  👍 

• Shearing  👍 

• Rotation (and reflection)  👎

X

u(X, t) x(X, t) = X + u(X, t)

F =
∂x
∂X

= ∇u +

Kinematic Relations
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e1

e2

e3

X x

u(X, t)

reference configuration, t = t0
current configuration, t = t1

F̃ =
∂x̃
∂X

=
∂(Qx)

∂X
= Q

∂x
∂X

= QF

Set , where  is a 
rotation matrix. Then:

x̃(X) := Q x(X) Q

𝟙


