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Elastic Energies in Computer Graphics

Deformable Solids Cloth & Shells Rods

W/

Dynamic Deformables [Kim, Eberle 2022] Progressive Dynamics for Cloth and Shell Animation Second-Order Finite Elements for Deformable Surfaces Discrete Elastic Rods
[Zhang et al. 2024] [Le et al. 2023] [Bergou et al. 2008]

Surface Parametrization Shape Stylization & Optimization

W LJ

W

Normal-Driven Spherical Shape Analogies
Analytic Eigensystems [Smith et al. 2019] ; " & r[ILiu 1a CF())b <on 2(%1]
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Multiphysics Energies

Contact

Codimensional Incremental Potential Contact [Li et al. 2021]

A Contact Proxy Splitting Method for Lagrangian Solid-Fluid Coupling
[Xie et al. 2023]

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

Rigid Bodies

Intersection-free Rigid Body Dynamics [Ferguson et al. 2021]

Magnetism
oL

J.

|

-
L.-\\\__Eﬁ - .
QU

Strongly Coupled Simulation of Magnetic Rigid Bodies
[Westhofen et al. 2024]

Multibody Systems

A Unified Newton Barrier Method for Multibody Dynamics
[Chen et al. 2022]

Heating & Wetting

isotropic

s

anisotropic

Physical Simulation of Environmentally Induced Thin Shell Deformation
[Chen et al. 2018]
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Energy-Based Multiphysics Modeling

Unifying mathematical formulation

» Physical systems modeled by scalar potentials

—discontinnons

w

> —C:Z,«:g:l
' : : - & —C2,d=0.8
» (Constraints modeled by barrier potentials or penalties 52 —c2 =05
Typlcauy 0 0 0j5 1 1.5
Distance

Incremental Potential Contact [Li et al. 2020]

» ...leads to fully implicit, primal formulation

» ...S0lved as unconstrained optimization problem

kO Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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Elastic Detformables

» Naturally described using energies
» Change in shape — change in internal energy
« Simple spring-based models
] 2
- 00 Prine® = 5 (16 = 1l = Lo )

 Continuum-based models: strain energy densities

A
~ e.g. Stable Neohookean: ¥qny = %(tr(FTF) —3)—u(detF — 1) + E(detF — 1)

( Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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Higher-Order Time Integration for Deformable Solids [Léschner et al. 2020]
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Mass Spring Systems

Needs mesh of geometry (e.g. cloth — tri mesh, solid = tet mesh)

- Vertices 1 € 7 become point masses: position x; and mass m,

» Edges (i,j) € & become springs: stiffness K;; and rest length L;

— . 1 2
» Energy potential per edge: ¢, = > Kij <”xi — Xl - Lif)

Dr()per'ties: - FastSicmlationofMass—Sp@Systems

4 Hooke’s law: | . : —
Easy to implement o, X; — X, "'
T ok, (”x_x”_ ) lx; — x| 2
Extremely fast implementation variants \ e )‘
3 No inherent volume conservation g :’:3 :;, g:::,,::;;: ; “'; *:.,:*.":2 u,.“ e et i e wet o o Ao s
Abstract Keywords: Tame irregration, innplicit Fa'ex weethed, mass-spring,
» Elastic behavior extremely mesh dependent e e

T
pangs. We xpr-«lhcwlv sad imphicit Fuler method o
neray

e minimizaton problem and introduce spring directic m a. 1 Introduction

T — T
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Kinematic Relations

» Lagrangian description using reference configuration X current configuration, 7 = 1,
reference configuration, f =

- Displacement field u(X, 1) gives current configuration x(X, 1) = X + u(X, 1)

-----
‘—
-
-
-
l
'ﬂ
l 4

» Deformation gradient: local linear transtormation of material around a point

o0x
F=—=Vu + 1
0X

—ncodes transformation, not just deformation:

€3
SetX(X) := Qx(X), where Q is a
. Stretching «& . | |
rotation matrix. Then:
' J ~
+ Shearing «& Py
. Rotation (and reflection) ¢ 0X 0X 0X
Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen 14
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Constitutive Models

5train Cnergy Density
(Normalizec)

High
g1

 Material defined by scalar strain energy density W(F) at every point

Fores 2ainl . "
(Higk Strain)
N

» Simplest classic material: Linear Elasticity

B

+Isotropic generalization of Hooke’s Law

A |
V. (e) = Etr(e)2 + with infinitesimal strain tensor € = 5 (F + FT) — 1

(Low Strein)
| shape
voliume chan ge Interactive Virtual Materials

conservation o |
Matthias Miiller Markus Gross

ETH Ziirich

Properties: - Constant Hessian &3 /‘—N -
- Artifacts for finite rotations 3¢

Figure 1: The pitbull with its inflated head (Ieit) shows the
artifact of linear FEM under large rotational deformations. The
correct deformation is shown on the right.

limitations when it comes fo the realistic simunlation of
matenzl behavior, such as elasticity, plasticity, melting,
or fracture. Therefore, methods that contral the object by
physical laws have raceived increasing attention.

[n the past decades, computational scientists have de-
vised various methods for the simulation of material be-
havior with a high level of accuracy. The main goal of
such simulations has been the authentic reproduction of
the real world, whereas interactivity has not been a pri-
mary focus.

e
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Nonlinear Constitutive Models

| | | | |-
» Using nonlinear strain measure, e.g. Green Strain: E = E(F F-1) ————\_’ E — l((RS)TRs -1
2

= l(STRTRS - 1)

. e.g. St. Venant Kirchhoff model: 5

_LlsTs -
=5(8'S - 1)

Polar decomposition:

F=RS

A Y/
Yovk = Etr(E)2 + uE : E (Recall: Wi (€) = Zr(€)* + i€ : €
Discards rotation

* Using nonlinear invariants, e.g. from [smith et al. 2019]: I, = tr(S), I, = tr(F'F), I; = detF

Stable Neo-Hookean Flesh Simulation

BREANNAN SMITH. Pixar Animatian Studos

- ©.g. Stable Neo-Hookean model: Lo oo

U A
i 5(12 -3)—u(l,— 1)+ 5(13 —1)?

Fig. I Left: 13 5hents booes drve 2 bosdwednal lamice with 358093 clements wwd 156078 dogroes of Treedos. Centee: A quase it simukaton with our rew
Neu Hoskese meddd and 4 Posecn’s ral s af v = 20488, Wrirklos ans bupes emunge frumoar mcddd s eoclhes Haaums procmary properiies. An evanon Lime
ith e mmaded tesk 157 Newian itenliveng 3,480 Conpapate Gradint (GG ilendives, and 228 secceds. Riglht: The seme simustios with oo sstatonsd

ity amd v = DLASK. The mazal <uls 15 an =» spurcas fod arcund the shaulder =laca The
artifasts peeest arrsat al walone ol v A< sverage tmaostep with this =edel taak 179 Neetza itedtiang, 16037 CG itkeatiang, and A snseede

Nom-linear hvpereliete energies plyv 2 key roe in capturing toe flechy 1 INTRODUCTION
apprarance of wirtal charzcters, Reakavore volerreprecerving bislogeal The elastc energy usad to model deformabons deterenes the vissal

* Interpretation: change in energy density due to local length/area/volume changes R S

reode] ralntre the flesay sppasrance of Has Nac-1zokaan riodel exbbits tissues such as muscle and fat 35 volume preservation, which is

11 pesor=ss wnks ma and instrod calacuene tha bapesi

supecion volums preservation, and s rebust 10 extreme Mranoe 10:uons reflected in their kazh P°°“_°“'5 _"-“i” v € [0.5,0.5) [Greaves et al,

Livershons, We obtele chosed-lora exccessious tor the ehresyduss and 2011], and the corresponding visual features that emerge (Fig 2).

siemencan aful u‘ the s\-‘nu'n cenescnmats which albsacs s o dicsct’y lfw. fhi! nn}inmmnms;ihk renim i! nafnn':lev di":.tlih
T — —————————
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Elastic Deformables using FEM

 Continuum-based models: strain energy densities
p
- e.g. Stable Neohookean: ¥y = %(tr(FTF) —3)—u(detF — 1) + E(detF — 1)

-~ Problem: How to discretize and integrate this”

Finite Element Method for discretization

- Decompose geometry into elements (tetranedrons, hexahedrons)

N
-~ Define discrete FEM interpolation of DOF: u,(X) = Z u, p(X)

- Per element: numerical integration of discrete strain energy density

- Minimize sum of all element energies

( Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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Basisfunctions ¢, (X)

,(X)
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FEM: Evaluating the Strain Energy

reference element €2

- Input: continuous YW(F), discrete DOF u; = x;, — X

l

- Goal: numerical integration of strain energy: ¢¢ = J Y(F)dX

— Would require own quadrature rule per “physical element” {2°

X, (6)

. Introduce “reference element” Q C [0,1] X [0,1] with coordinates & € Q

— Evaluate quantities and integrals on Q

- Isoparametric element: same basis functions for element geometry (X;) and unknowns (x; or u;)

+ Rest coordinates: X¢(&) = ZiX,-e@,-('é)

. Deformed coordinates: x;,(6) = Zixie@i(g) physical element £2° >

« Deformation gradient on Q.

| | current configuration, f = 1
reference configuration, f =

kO Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen 18
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FEM: Evaluating the Strain Energy

reference element €2

- Integrate strain energy density W(F) and transform integral to reference element Q.

P = J PYIF(X))dX = J F(F(E)) det(J°) d&

Q

- Apply quadrature rule with weights w; and points ﬁi e Q

Deformation gradient on Q.
ox 0x, O€

X, (6)

N P A R e yeN—
e m Y, wEED)) det(J) FE) = o7 = 2 ax 100

* |n particular, for linear tetrahedra:

« Derivatives constant, one quadrature point sufficient

. 1% = —_ — —
)" =[xy — Xg, X — X, X3 — X physical element 2° >

- det(J°) is volume V¢ of physical element ¢

. 1 | | current configuration, f = 1
> This yields: | ¢ = VWP (Je(Je)_ ) reference configuration, t = t,

+ Last step: sum over all elements and add to incremental potential

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen 19



Modelling Dynamic Contact

 Incremental Potential Contact [Li et al. 2020)]

b Goal: intersection-free simulations in unconstrained optimization

» |Introduce smoothly clamped barriers:

—(d—ef)ﬂn(%), 0<d<d

0 d>d

With contact potential g (x) = szec b(d(x))

b(d,d) =

» Apply barriers to all triangle-vertex and edge-edge pairs k € C

» Filtered line search: CCD determines upper bound for step

kO Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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u I'HJW

Incremental Potential Contact [Li et al. 2020]

—discontinuous

3 —C2,d=1
> 4=
) —C2,d=0.8
cC 2 -
O —(C2,d=10.5
8
g1 k ;
@ |

0 ° ——

0 0.5 1 1.5
Distance

Incremental Potential Contact [Li et al. 2020]
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Intersection-free Dynamic Contact

II c rv e e o LR B TIE WA TG RN LR W WAL L L VR WA S

R W, W W S W

tetrahedra: 2314K
contacts per step (max): 105K
dt: 0.001

[4:0 e

Incremental Potential Contact [Li et al. 2020]

¥e) Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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Intersection-free Dynamic Contact

tetrahedra: 181K
contacts per step (max): 277K

dt: 0.01
(4:0

( Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

Incremental Potential Contact [Li et al. 2020]
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Intersection-free Dynamic Contact
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High-Order Incremental Potential Contact for Elastodynamic
Simulation on Curved Meshes

Zachary Ferguson Pranav Jain Denis Zorin
zloraus@nywedi Prsmav jain@nyuodn drorin@esnyiedn
New York University New York University New York University
USA Usa [IRTN

Tesca Schnewder Danicle Panazza
tesen@uvicen pannzza@nyu edu
Untiversity of Victora New York Usiversity
Canada 1155

Second-order Stencil Descent for Interior-point Hyperelasticity

LEI LAN, The University of Utah, USA

MINCHEN LI, uCLA, USA

CHENFANFU JIANG, uCLA, USA

HUAMIN WANG, Style3D Research, China

YIN YANG, The University of Utah & Style3D Rescarch, USA

\;j)"{

Fig 1. Falling barbarian ships. We propose a new GPU-based algorithm for generic finnte dlement simulation using interior-paint methods. Due to the use
of barrier functicns, interior-point methods are expensive, and the requiremert of per-iteration CCD imposes extra challenges for GPU paralielzation, Our
method is locally second-order kveraging complex-step finite difference 1o efficiently estimate local Hessian vector products. We design a complementary
coloring and hybrid sweep scheme to fully exploit the thecughpat of the GPLU. Together with a dedicated warm-start process, cur method offers speedup
of two orders, even with intense contacts and collisions. As a demonstration, the teaser figure shows snapshots of two barbarian ships falling on a spiral
stair. There are nearly one malian (974K) elementx an the ships. The thin paddes at both sides cellide with the taircase and the handrails yioldieg rich and
interesting doformations. Under the time step of Af = 17100 wee, cer simulation faithfully captures all the details bat 1 i 129x fastor than the vanills CPL

——P—

GIPC: Fast and Stable Gauss-Newton Optimization of IPC Barrier
Energy

KEMENG HUANG, The University of Hong Kong, TransCP, Hong Kong
FLOYD M. CHITALU, The University of Hong Kong, TrarsGP, Hong Kong
HUANCHENG LIN, The University of Hong Kong, TransGP, Hong Kong
TAKU KOMURA, The University of Hong Kong, TransGP, Hong Kong

: t i -l -
T—
Fig. 1. We offer a robust method enabling simultaneous construction and projectson of approximated IPC barmer Hessians to positive semi-definite state

for faster implicit time integration. A multilayered cloth animation is shown, vhere contacts are resolved using our method, which ensures fast comvergence
rates without numerical elgendecompositions of local barrier Messians,

Preconditioned Nonlinear Conjugate Gradient Method for
Real-time Interior-point Hyperelasticity

Xing Shen Runyuan Cai
Fuxi Al Lab, NelEase Inc Fuxi Al Lab, NetEase [nc
Hangzhou, Zhejiang, China Hangzhou, Zhejiang, China
shenxingU3i@dcorpnetease.com caurunyuan(@corp.netease.com
Mengxiao Bi Tangjie Lv
Fuxi Al Lah, NetFase Inc Fuxi Al Tah, NetFase Inc
Hargzhow, Zhejiang, China [angzhouw, Zhejiang, China
bimengxiao@corp netease.com hzlvtangj:e@corp.netease com

mml

Figure 1: Example simulation results invelving complex self-collision scenarios.

T — s
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A Cubic Barrier with Elasticity-Inclusive Dynamic Stiffness
RYOICHI ANDOQ, z0zO0, Japan

Fig 1. Five cylindrical shells are individually taisted and bandled together (A), A single woven cylinder is twisted forming intricate buckles (B), A set of
lengthy strands are poured into a bow! (C), Flutiering ribboes are poured into a bow! followed by a strong impact from a falling sphere (D), A fishing knot is
tightersed (E), Eight squiskry hairy balls are compressed and released (F), A house of cards collapses with a gentle touch by a rolling sphere (G), Ten sheets are
srashed onto the gromnd by a fast falling heavy sphere (H). Peak contact counts are 168,35 million (A), 17,59 milion (D), 6.49 million (C), 6,04 million (B), 5.63
million (H). 2,89 million (F). Average lime per video frame is 194s (A), 7453 (B), 2473 (C). 1845 (D), 3,305 (E), 1963 (F). 5,043 (G), 77.35s {H).

This paper presents a new cubic barrier with elasticity-mnclusive dynamsc purely volumetric approaches ill-suited for codimensional collid-
stiffness for penetration froe contact resolution and strain imsting. We ers [Allard et al. 2010; Chen et al. 2023; Faure et al. 2008; Tang ot al.
show hat our method enlarges Light straia-limiting gaps where Jogarilbanic 2012). If collisions are unresolvable, one may resort to a rigid impact

Barrier-Augmented Lagrangian for GPU-based Elastodynamic Contact

DEWEN GUO, Peking University, China

MINCHEN LI, Carnegie Mellon University, United States of America
YIN YANG, University of Utah, United States of America

SHENG LI, Peking University, China

GUOPING WANG, Peking University, China

frame 55 o frame 11 frame 210 frame 210 (side v

Fig. 1. Puffer Balls on Nets: Simulations among Heterogeneous Matesials. In this scenano, we smulate the interaction of four puffer balls with a
chain-net characterized by different Young's modul (a) E = 100 MPa, and (8) I = 1 GPa. All puffer Balls are modeled using the Neo-lookean elasticity model
with F = § % 10° Pa. Despite the use of high resobation meshes with over 1.7 million tetrahedra and a Lage time step size of 1730 s, our simulation framework
maintains robustness and efficiency. With GPU acceleration implemented, the computation time per frame for scenario (b) is only 427 seconds, without
sacrificinge accuracy This represents & nolable soeedup of $0.1% comeased 1o the 1IPC TL el al. 2020, which reawires anoroximately 9.5 hours per frame for the

B ———

R
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Cloth, Shells & Rods

Shell models

(examples...)

Discrete Shells
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Second-Order Finile Elements for Deformable Surfaces

igia Le Yitong Deng Jiamu Bu
Zhanghai O Zai sttt Dastmeuth Colleg: Tainghwaa Usiversity
Sheugha Clina Flanova, Undted Statss of fuierica Besjing, T
leqair e e o vitew ¥ denpigdsr meank <0 hjmc 1grme e asir e odi o
Bo Zhu TaoDu
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bo.ekudpatzcheda taodu@tanghuaed en

Geometrically motivated
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Kirchhoff-Love Shells with Arbitrary Hyperelastic Materials

JIAHAD WEN, Uraveruty of Sosthern Califorres, USA
JERNE) BARBIC, Unmversity o Southem Calfernie, USA
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Multi-Layer Thick Shells

Curved Three-Director Cosserat Shells with Strong Coupling
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Intersection-free contact

Codimensional Incremental Potential Contact

MINCHEN LI, University of Calitarnin, Los Angeles. Liniversity of Peancylvaniz & Adabe Research
DANNY M. KAUFMAN, Adobe Research
CHENTFANTFU JIANG, Universily ol California, Lus Angeles & Universily ol Pennsylvania
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A Cubic Barrier with Elasticity-Inclusive Dynamic Stiffness

RYOICHI ANDQ, 2020, Japan

Fig. . Table cloth pull: Ci
accurats contrmllab e stran
laid un a table wih heavy,
while accurctely #zsolv rgt
pull spced increase 8 Lmy,
the stetting antab ewith
wrinkling behavices in the

ANVAYATS
- N 7 7

Fig. I. Five cvlindrical shel's are indivicually twisted and sundled togethe- (4], A single woven cylirder is twisted formi=g intricate bucklzs (B), A set of
lersthy strands are soured into a bawl {C), F uttering ribbcas ars poured into a bowl followed by a strong impact from = fall ng spaers (O] A fishing <not is
Lightered (b}, Eighl scussdey bary Lalls are compressed and released (0, A house of Cards collapses wilhia gentle louch Ly aroll g sphece (G), len sheels are
smashed orto the ground by a fast fall ng heavy sphare (1) Peak contac: counts are 168.23 million ¢A). 12.59 million (D), 6.42 mil ion{C), 6.04 millicn (B), 5.53
millicn (H), 28% milline [F] Average time per vicen frame is 1943 (A) T¢8 (R), 247:(0), 1445(0). % 305 (F), 1965 (F), §.04= 1), 7735 (H)

‘L7us paper pressats 2 new cubic barner with elasticity-inclusive dynamic purely volumetric approaches ill-suited for codimensional collid-
stiffreas for penetmtion e cortact meanliton ané stroin limitng We ors [A]hl‘:l et 2l 2010; Chen et al. 2023, T'zure ot al. 2008, Tang et al.
shww What e suellied enZazges Ligbl s ool o gaps wliewe logantlnee 2012). K collisions are unresobvable, ane may rescrt to a rimd impact

harvices strogghe and enahles highly sealahle cantact: vich simalation, anne THamnon el el 2008 Hub el ol 2001; Provol 19977, ngulifying

COS Coreoptss « Computing methadalogies @ Physical simalation.

anibdeliying Ve cellision resolulion Lo the e slep [Brodson el al

Continuous Mmodels
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Ingredients for basic shell simulation

* Input: Non-planar triangle mesh in 3D

* In-plane stresses: 2D elasticity

A
. Neo-Hookean: Wy = %(tr(C) —2)—uln(J) + 5 In(J)?

with C = F'F and J = 4/det(C)

. Deformation gradient: F € R**? such that j¢ = FJ¢
(maps vectors from 2D reference to 3D current configuration)

- Current configuration: J* = [x; — X¢, X5 — X]

- For reference configuration, rotate triangle €2¢ into planar configuration:

Alternatively: .

(only edge lengths relevant, model Wy is rotationally invariant)

Translate to origin: u, = [0, 0]"
Align first edge with x-axis: u; = [||X; — X, ||, 0]"
Rotate third vertex into x-y plane:

u, . = (X; —Xp) - (X; — Xp) || Xy — X()”_1

2
tyy =/ 1%y = Xoll? — 2
]T

u, = u, ., uy,

Then: Je = [ul — uo, u2 - uo]

|
|

~— O O @O

A Finite Element Formulation of Baraff-Witkin Cloth

--------

ADSnct

Woe Boraf- Wiskin | WSS ) scdins bux heon ¢ pepeldn formalation for dotk Jor 20 years. However, &3 velationship so e fiany
dement metaos (FEM) S avways beem wnclenr, Bevose the modh] sesnts Bainy weiten ar on bwtmpe:. hyperdistic stk
overy fnthis paper, we show that St & bevanse Sy Bargl- Mikie sodl & actsally a cosplod anssctroosd stuie energx W
ahow Saat ity stwetshing erm appvmnmater e dowopic U Ripse A Paaabls (ARAP coerrx ond &y Shearing erm & 2cmas
e cmlive evewrvcommon in emvchancs. Walk irhas beex Lnowe sowircaly v sometine Adt the model “on prodece
dndufinive fowe Jrodians. the conaitions sndie’ which ey cocer has mever been chax Gar foomelaton enalles a comples
cronasalial Mersvrcinl chavecierioes exsefy v mdefsilones ocowrs ond feads o e ena'vic. Jemi poa e -definiy
povgrcing medhass Fimlly. anv snsheis sugprey o grasrnisd Rewml Weba smgy with s srthapront warp aad wve
Aot

The Bl Widkin model for dod [BVW9R] Sas barn widely wed
e foraloron 20 youcs. Mien spposcing oe-scrcon & Mossnra,
e, m S0CH, & s beoom dee worhbunse chol st fur overy wls
seguons Piaae (e (B0 15, aadd by wode'y vl @ Vil Doy A\
et Samlin wer op [TMIN )

Daonpie the popiants and wiquity of ths mde, wmbiguin
T
Al v b s shermasnems b st prgdas 1oy om e v
i chrasam esabend (PN PRCICTEL pumbim baoml Sy mewn s
INFREMULL oF 3 VMRS TORIAIOn (S AN Hoveer, v
1A VICH TROOH SRGENN 3 I S300 1) TOTRONN. MAET 160 Fignee 1 Laft Kl wing onr fode chmans formmbition o
Pouson bosed o, s(wwc | biv Isiredll. S model & Sargl Wikl cool. Riga: Same acrac. b vith SR/ F archieg.

T ——
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- Strain limiting: Singular Value Barriers [Li 2021]

* Compute singular values oy, 0, of E = E(C - 1)

- Define barrier per singular value with strain limit s and barrier activation threshold §:

(§—o-l.>21 (s—ai) o6
- A n A 9 0' S
bSL,i(x) = < s—38 s—38 !

* Integrate over element volume:
e __ ~ e
D5 = KsL Zi ‘; bgp/(x) dX ~ kg V ZibSL,i

« Out of plane bending: Discrete Shells [Grinspun 2003] or Quadratic Bending [Bergou 2006]

« Potential per interior edge, depends on dihedral angle:

lleoll

Pp(x) = Ky ; (H(x) — 6?0)2

0

» For rest-flat shells a quadratic formulation in vertex positions exists (constant Hessian)
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Rigid Bodies & Affine Bodies

- DOF per rigid body: translation x; € R* and rotation vector 8; € R>

Intersection-free Rigid Body Dynamics

ZACHARY FERGUSON, New York Laiversity
MINCHEN LI, University of California, Los Angeles and University of Pennsy/vania

* |nertial term for rotation DOF:

Nrb

Ex(R@®)) = ) %tr(RiJiRiT ) — tr(RJRT)

l

with R; = R + hRP™® + h°7,J;!

TESEO SCHNEIDER, New Yors Universily and Universily ol Vicluria

FRANCISCA GIL-URETA, New Yark Lniversity

TIMOTHY LANGLOIS, Adobe Research

CHENFANFLU JIANC, Unwersity of California, Los Angeles and Lniversity of Pennsylvan:z

DENIS ZORIN, New York University

DANNY M. KAUFMAN, Adobe Reszarch
DANIELE PANQZZ0), New York University

Stiff Materials

Mg 1 Txpanding Lock Bax. An infricate Incking ms¢
cantral «piralis mtated which ntumm padls in each of t LE! LAN. Clemson Uni\'crsily & Univcrsity of Uteh. USA

Painless Differentiable Rotation Dynamics

MAG| ROMANYA-SERRASOLSAS, Universidad Rey Juen Carlos, Spain
JUAN ). CASAFRANCA, Universidad Rey Juan Carlos, 3pzin
MIGUEL A. OTADUY, Universidac Rey Juan Carlos, Spair

Affine Body Dynamics: Fast, Stable and Intersection-free Simulation of 2. ;N ! >
\

+ Non-linear mapping from DOF to vertices A R A

simulztion frames they spell “SICGRAFH™. Our aparoach bas:d an Lie

—

MINCHEN LI, University of California, Los Angeles & TimeStep Inc, LSA
CHENFANFU JIANG, University of California, Los Angeles & TimeStep Inc., USA
YIN YANG, Clemson University, University of Utah & TimaStep Inc, USA

Oa rolatien vectors.

[ntroducticn

well known that the nonlincar sature of the space of rotations

rese lutslacls svmnlavdo b tha snnsnanatariam and scsnstatinn

— Small time steps or “curved CCD” for intersection-free contact — —

+ Alternative: Affine Bodies e Gfet

Fiz 1. Geared system. Wr propase an attine hody dynamies (ARR) framewarde ma offic ertly ard mhustly simulate clase te rigid cantacting mnjects ARD
cases cullsaon and conlacl process ng costs over ngd lody socdelin g whale ablamimg bogh-coality, mileseclion-lee egjeclones leveraging barner-based
frictional cortact modeling. In this challsng rg stress-test benchmark we simu ate a corplex geared svster composed of 28 toothed gears with frictional
wonacl reauhving al i erachions, The corbined gear sel ness comprized of veer 2850 surlace Tiangles. A lueque cpp e Lo Lhe sciuclec gear rred airow)
drives the motion of the entirs system via contact, wth over a quarter of all surface ¢lements in active contact in every time step. Here we find that all the
reisting rizin hady simulmtion aizorittme including vizid 1P, fail ta make pregress whi o ARD robhicaby simalates the examp = tn camplesian. ARD enables larse

— Body embedded in a single tetrahedron

wrne s g srave e w0 = 1D s v Coe sl o b albenggings, Lo cisplacsenmnt Colaaon) conbac b prosesing, For a lieca shep sise of 1100 e AHD

simalates rach stepin Inss than 12 sec anan ntel % CPU imult threaded), while the = maldatian rons inteeartively anoa 3890 CPL LS "0 steps per second)

T — R

— Use any stiff material model (E > 10°Pa)

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen



Multi-Body Systems

» Coupling deformable & rigid bodies with joints and motors A Unified Newton Barrier Method for Multibody Dynamics

YUNUO CHEN?", Uriversity of California, Los Angeles, USA
MINCHEN LI", University of Califarnia, Los Angeles & TimeStep Inc., USA
LEl LAN, Clemson University & University of Utah, USA

» Reformulate constraints using penalties and barriers VINYANG, Gl Lner . doera o U & Timeicp Iy U

CHENFANFU JIANG, University of California, Los Angeles & TimeStep Inc., USA

- Equality constraints: ngq(x) = Ek(C(x))2

- |nequality constraints: Cbmeq(x) = kb(c(x))

(b) Hinge with Rotation Range (c) Bounded Sliding

— N, )

Fig. 1. “Lying Flat® Qui prima Newlur Barrier Method provides a unified s mulation framewor s for this complex multibudy systen, consisting ol a harmock
made with rig d (stiff) rings, nea-llockean deformatls tori and circular rods, as well as an eleven-part articulated ragdoll 2nd a piece of cloth. Accurate
resolutions of the frictional contact and articulztion constraints are guaranteed robustly, stzbly, and efficienty.

T —————— T

\
\
\ ”/
—

(a) Point Connection
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Multi-Body Systems

Strongly coupled systems:

* Rigid bodies for car body and rims
* Tires as deformable solids
*  Dampened springs and slider joints for suspension

»  Connected with axial joints

* Rotation limits for steering

(’9 Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

SymX: Energy-based Simulation from Symbolic Expressions [Fernandez-Fernandez et al. 2025]
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Dissipative Forces

- We need scalar potentials ¢.(x) such that f(x) = — V¢.(x)
— Possible for conservative and path-independent forces

« Adaptations required for dissipative/non-conservative forces:

Friction Damping

1x Codimensional
card house

Intersection-free Rigid Body Dynamics [Ferguson et al. 2021] Accurate Dissipative Forces in Optimization Integrators
[Brown et al. 2018]

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

Plasticity

Energetically Consistent Inelasticity for Optimization Time Integration
[Li et al. 2020]
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Damping

- Common damping & friction forces can e written as dissipation potential Accurate Dissipative Forces in Optimization Integrators

GEORGE E. BROWN, University of Minnescta

MATTHEW OVERBY, University of Minnescta
x ° v S -t o d — 1% x ° v 7ZAHRA FOROOTANINIA, University of Minnesata

RAHUL NARAIN, Indian Institute of Technology

- Not generally possible to define potential ¢ (x) s.t. = V., =f,

Fig. 1. A Neo-Hookean armadillo falls down a complex terain with different Friction coefficients, left: g — O, center: g~ 015, vigni: g~ 0,45,

- Example: Rayleigh damping e S e

farmable bodies when vsing optunizatiow-based wtegatons, We represeat to extend the complexity of simulations that can oe carricd out
such forees using dimiparion functions which may be nonlincar fn both in a fest and swable manncr. However, achicving both speed and
positions and velocizies, enabling uge t2 model & range of diesipative of- stability when medeling nonlinear phenomens i3 2 challenging
low s v Buelinm lmhe raedions Rawleiob clarnrins wml | SO ae - . - - a- R - « = - . -

i Rl ™ M. A o

1 e ———

Forces: f;, = — (aM + fK(x))v

TRANSACTIONS ON VIS JA IZATIDN AND DOMFLITRR GRAPHICS

T Optimization Integrator for Large Time Steps
ray (x b v ) — 5 v (aM + ﬁ K (x) )v | heodore k. Gast, Craq Schroeder, Alaxey Stecmakhin, Chentantu Jiang ard Josagh M. eran

Atstiact—Praciczl tine staps ir toda/'s state-of the-art simulatoms typealy rely on Newlon's methdd Lo solve lage syitems of nonlinear aqeatons.
In aractize, ths wodks weoll for small tire steps bu is urreliable at large imo steps at or near the 'rama rate, particularly for dfficult or stff simulations
We show that recasting backward Euler as & minimization problem alows Newton's method 1o be stabized by stencard cptinization techeiques with
some nove: Enpravemnz2ns of cur own. The resulting sove s cepable of saving sven (he tougiest simalstions at the 24 /17 furne a2 axd beyond.
We show how simgle colisions can be incordorated directly intc the solver through cosirained minmizaton wthout sacriichg effciency. ‘We also

Approximation by lagging: K(x) ~ K(xP™") et o Aot Sl e s s S

Indea Terms—Comnputer Graphics, Three-Clmensiong Graphics and Mealsa, Animetion
4+

Dissipation potential: R

1 INTRODUCTION

Lagged potential: g, (x) = ———(x — xP T (aM + BK(xP™Y))(x — xP'Y) o o e s e A N i B gy e B

these. backward Ealer [1]. [2). (3., [4]. I5] or vanants ¢n New-  [4]) also shows that supplementing Newton's method with a line
2 Al- mark metheds [5], [7], [8] arc th: most common, though cvea  scerch and a definitencss correction lcads to a robust solution
mere sophisticated schemes like BDF-2 (Y], [10], imphicit-eaplicit  procedure. Followng their example, we show thit recasting the

? —*
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Friction

Example: Coulomb friction

. Again, can be formulated as dissipation potential R(x, v) s.t. j; —

* But not as energy potential without approximation

* Also: Non-smoothness at stick-slip transition

Solution of [Li et al. 2020]:

. Cl-smooth transition between static and dynamic
friction with velocity threshold €,

- Lagging of tangential sliding basis and contact force magnitude

«  Only relative sliding displacement x is fully implicit

» Can lead to inaccurate behavior In friction sensitive problems

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

— V,R(x,v)

—discontinuous

Friction force
o
o (@)

©
o

-1 -05 0 0.5 1
Tangent relative velocity

-1

Lagged

Incremental Potential Contact [Li et al. 2020]

Implicit (Ours)

~a

Frame1 Frame 150

Implicit frictional dynamics with soft constraints
[Larionov et al. 2024

Incremental Potential Contact: Intersection- and Inversion-free,
Large-Deformation Dynamics

MINCHEN LI, University of Pennsylvaria & Adube Ressarch

ZACHARY FERGUSON and TESEQ SCHNEIDER, New Yark Universty
TIMOTHY LANGLOIS, Adane Rescarch

DENIS ZORIN 2nd DANIELE PANDZZO, New York Unversity
CHENFANFU JIANG, Unnersity of Pennsy vania

DANNY M. KAUFMAN, Adcbe Research

ol

%
g

'.'?,x,;i@

e otz mzremanial Poterbd Comect | I'ﬂwﬂl » high rate time steope 5.-:1\-14\& = 3.0L, of extrare nenln; wdnhdmur& wh
aah is wae.bn =and mersioafiee a l. e SAeps, mpe clive o' the deg ee o Comgressionr and cortacl Hhee a plate compnesses and then

kmnnaﬂlsﬁ fc-w'p <ot slarne f wodele! arnl'ul e total, with 2 nes-tle lm nlc- tiraogna this mimnmu chotas tun.l'l'
womeds ave Hhen o npresses e Auely logether fonnn ; b banmeh te fit thoosgh e Zar am Hher l auph ey dedily seoaate nto o stable pie
T — ————————

Implicit frictional dynamics with soft constraints
Ezw Lativuov, Andeeas Lougvy, T M. Aschia, Tun Bendue, cnd Disesl K. Pai

Abstrect—Tsmamies cimalation with frictionsl comtaege s im-  locees implicidy wher coampubing Siction, sar metld can

mﬁw o “i't runge of er:‘- from coth ﬂm preduse more accurue friction brhovier, and I requires no
p m ‘ ’ “’m a . t - . - . .
Beketion [mmm hmehcu c.hnmlcd robast aud m-clhmcd adaitions lu'!nfl'tmnn! t:l'n‘hm'nsi nlr :[u:f::.ullmd neechaniems far eapling
of slistadynamice with friction. awever, thie naculing frictianal 171000, conlzcl aned el ey,
beltmvior can be inacenrstc and may ool corverge (o axalylic Fricticeal coaract is tradirionally moedeled ce a nansmnath
criutions. Here we evaluste the soce seey of lagperd Triction wadels  prehlem requricg  sachisticated teals, In qanticulas, nea-
E'.“ m' ,rma.n wib fnplicit Ilidln?: c::m:u 5y mb u\\e aln;: smnod: integrators, root Anding or optimization techniques
MAJOr INACIIMACS mear 1 p thres m su : P ; ; ~rical
systems e < e o Brictbon arces sather tham = neexdad tor handling inchision te-ms in the mathsmericn
bysmplhn‘mCollonbMMcun Fustheemore, we o N "
demonstrate how systums imvolving implicit or lsazed friction i “j.' Timies e nueher ol wolalinn ap{m:acln:«. Whila mn-
can be currectly weed with higher-order Gme imtezration vad  smnoodiness is raquired m 9 nramtes ahsclure sriccing. 1t s

u!cl. Tios abnsbenlly woanplisiles Ve prehlesns ancd sabslon.

lighliglt Linwitatizos iy carlicr atlemps, YWe dansicate bow (0 nal genenilly necessury il s llm ns ane i iled 3 lires
exploit forvard-mode automstic differentialion to simplify axd. | 00 wien chseval niznmes e, dry riclin
in e s, inprove the perfoenana of e wanel Newkn wonds continvonsiv % ¢ h in veboci | | Aceordic N
mrthod. Finaly, we show that otes comples phesomena can Riposcace - -‘_ nges ity 13 )
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U catire avilers We catend sur mwibod to exhibit dide-dip pplial Tally irolivily in h J o elion il e
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Coupling Magnetic Effects

Magnetic Rigid Bodies

Strongly Coupled Simulation of Magnetic Rigid Bodies [Westhofen et al. 2024]

¢magn - = Zi VzMz ' Bext,i

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

Magnetoelastic Thin Shells

Simulation and Optimization of Magnetoelastic Thin Shells [Chen et al. 2022]

ext,i

¢magn - ZthiMi -B
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FEM & SPH Coupling: Contact Proxy Splitting Method

 Fully Lagrangian formulation

» Models Weakly Compressible SPH using quadratic potentials

2

K
. €.9. incompressibility potential: ¢y, = Z-EIVO Mo _

Pi

« Contact model: barriers on particle < mesh distances

Problems of fully implicit formulation:

- “Connectivity” of SPH particles (neighbors of neighbors)

«  Nonlinearity of barriers and deformables
Splitting approach:
1. Solve fluid phase with linearized contact forces

2. Solve deformables with full contact potential & fluid proxy

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

A Contact Proxy Splitting Method for Lagrangian Solid-Fluid Coupling

TIANYI XIE, University of Califarnia, Los Angeles, USA
MINCHEN LI, University of California, Los Angeles, USA

YIN YANG, University of Utah. USA

CHENFANFU JIANG, University of California, Los Angeles, USA

Fig. 1. Kick water. Our methed accurately captures the complex interactions between the weter. the multi layer skirt, anc the mannequin body without any

interpenelration as the manneguin wearnng the skirt lacks in a swimming pool and sends water flying,

i ————
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Outline

1. Mathematical foundations

2. Physical models and coupling

3. Related methods (VBD, PD)

4. Summary: Models & Properties

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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Projective Dynamics

Sofien Bouaziz* Sabastian Martin!
EPFL VM Research

» Introduces local/global split

* Local: Non-linear constraint projections

-~ Per constraint, find closest “target positions” p;
that satisfy C; (p;) = 0

Abstract

We presznt a new meihod for implicit time imegration ol physical
systems. Our approach builds a dridge terween nodal Finiwe Element
methods and Posicion Based Dyaamics, leadicg to a simple, effic.cnt,
robust, yet accurate solver that suppers mary diffecent types of
constrainis. We prosose specially designed energy poteatials that
can he solved affiziently nsing an alterrating aptimization apareach
Inspired by continuam mechanics, we derive ¢ set of contnuum-
based potentias that can be efficicntly incorparated withia oa solve:.

Tiantian Liu®
University of Pennsylvania

Projective Dynamics: Fusing Constraint Projections for Fast Simulation

Lzdislay Kavan! Mark Pzuly’
University of Fennsylvania EFFL

Figure 1: We vropose a new “projection-bused”™ implicir Ewler integrutor har suppores a large variety of gecmetric corstra’ngy in ¢ single
plyswal simdaidon [raweework. in t'us exaeiplz, oll the vienews incloaing buiiding, ziass, nee, end cdotes (498 Do, 430 consirands), cre

simwated at 3 Inmsfiteration vsing 10 iterations per jrame see also accompanying video ).

1 Introduction

Physics-hased simntation of deformansie matenal has become anir-
dispensable w0l in many areas of computer 2radhics. Viroazl worlds,
and more recently characwer aninmions, ncorpucete sophisticated
simulations to greatly cnbance viswal cxpericnee, ¢.g., by simulating
auscles, fat, hair, clothing, or vagetaton. These modak are of
en haserd on fnitz elerrent discretizarinns of cmnfinmmemeachan ez
farmnlahions, allowmng highly accumte sovmlbaiing of complay aor-
imtar maleriys,

I —

» Global: for fixed p;, minimize BE incremental potential

EPD(xap) —

=M - %) + Z d(x,p,)

- Where d(x, p;) are quadratic functions, pulling the DOF x towards p.

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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Epp has Constant Hessian = Pre-Factorize




Projective Dynamics

« Geometrically motivated models for deformables, shells, rods
» (Constraints for strain limiting, joints and contacts
» (Generalizations with ADMM and as Quasi-Newton method

» Compared to XPBD: better convergence properties but less general

Penetration-free Projective Dynamics on the GPU [Lan et al. 2022]

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

Example-based materials

Thin shells

[Bouaziz et al. 2014]
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Vertex Block Descent

» Uses a block coordinate descent approach

» Solves local (per-vertex) energies:

E(x) = —|lx, — ¥
AX) = X: — X
’ 2AR2

Energies affecting vertex i

» Analytic inversion of local 3x3 Hessians

» Designed for efficient implementation on GPU

» Alternative to XPBD, but is a primal method

Vertex Block Descent

ANKA HE CHEN, University of Utah, USA

ZIHENG LIU, University of Utah, USA

YIN YANCG, Univers ty of Utah, LISA

CEM YLUKSEL, lniversity of Litak, LISA and Rahlox, 11SA

Fig 1. Example simulation results using cur solver, both of taese methods involve more than 190 million DeFe end 1 million active collizions.

Ve irtrocuce vertex bleck cescent, a block coardinate d2szent solution for I INTRCDUCTION
the variational form of implici: Euler through verex .eve. Gauss Scidel
Hlerations. It operates with Lcal verley

tions in glood varational encogy with Augme nted Ve rtex B I 0C k Desce nt
T —

Phvsies-hased simulalion 15 the carnerstens sf maost eranhics an-

CHRIS GILES, Rablox, USA
ELIE DIAZ, University of Utah, USA
CEM YUKSEL, University of Utah, USA

---
e N

R
oS

S e - .
- -y . 1 " .l “ .
e e = - . wel > 2
i S S Y - .0 N % P Y NS = ii
h B L e T L S e R e ~ - ’ | 5 e N . -

Fig. 1. Our augmented vertex block descent method allows simulating hard constraints, which are critical for handling contacts and stacking,
shown here simulating u pile of 110,000 biocks smushed by u sphers using 4 ilerations, toking 3.5 ms (9.5 ms including collision detection) per
frame on an NVIDIA RTX 2050 GPU.

Vartex Block Descent is a fast physies-based simulation method that is un- convergence behavior over prior techniques for soft body dynamics,
condiionally stable, hughly parcllelzable, and capable of converging to dewering higher performance, improved parallelism, imcondibional
the implicit Euler solution. Ve extend it using en eugmented Lagrang:an stability, and the ability to converge Lo the implicit Euler solution

formulatior: to address come of its furdamental limitations, First. we iatro- with the desired aceuracy. [n addition, VBD was shown to handle
cuce a mechanis: to hardle hard constzainis with infirite stiffncss witkou other simulation nrablems such as narticle sveteme and rioid bodvy

» Reduces global energy but does not necessarily converge to its minimum — ———————

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen



.,

Outline

1. Mathematical foundations

2. Physical models and coupling

3. Related methods (VBD, PD)

4. Summary: Models & Properties

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen
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Summary: Energy-based Models

w Deformable solids, cloth, shells and rods

& Geometrically motivated & continuum-based models

& Material models: isotropic, anisotropic, example-based, data-driven...

<& Dynamic frictional contact & intersection-free simulations
% Rigid bodies & multi-body systems

& Other pohysical phenomena (e.g. magnetics, heating, wetting...)

S e S — s S

“Accurate” friction and certain plasticity models

— Jypically needs approximations (e.g. lagging)

Fluids & granular media

— Typically needs operator splitting, semi-implicit approaches or constrained optimization

Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen



Summary: Properties of Energy-Based Simulation

\

& Simple: in terms of formulation and numerical approach
<& Robust convergence: due to line search & second-order derivatives

& Primal methods: Good for high mass ratios, very large stiffness ratios numerically challenging

¥ Limited to potentials: no arbitrary dissipative and non-conservative forces ——\

&~ Solution: Adapted and approximate models (for friction, damping and plasticity)

<% High computational cost: problematic for interactive applications

<~ Alternative: Related methods for interactive applications, e.9.:

»+ VBD: Vertex Block Descent [Chen et al. 2024] Trade-offs in terms of

PD: Projective Dynamics [Bouaziz et al. 2014] convergence and/or generality

tkO Simulation Methods for Multiphysics Phenomena in Visual Computing — EG 2026, Aachen

f(x) = =V, (x)

or

fD(V) - = VV¢D(V)
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