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Motivation



Why Energy-Based?

1. Unified formulation in terms of scalar energy potentials
o Strongly coupled, fully implicit
2. Optimization > Root finding

o Ensures progress and validity



1. Unified Scalar Formulation
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2. Robust Optimization

e Balance of forces at grad(E) = 0
e E is sufficiently continuous and differentiable
e “Slide down to the solution” ,

- L g(x*)| = 0
Numerical infrastructure: x*

e Ensure descent directions 0 i 2 3 :

e Ensure admissibility
e Ensure sufficient descent



Examples

Progressively Projected Newton’s Method [Fernandez-Fernandez et al. 2026]


https://docs.google.com/file/d/10A7Lp-3iTdAmE9WRmJjaeWkb6sa6Yo5h/preview

Examples

SymX [Fernandez-Fernandez et al. 2025]


https://docs.google.com/file/d/1AzFsNAagIJROaPlCApAOBo7x_IUBmYfF/preview

Examples

/J

Strongly Coupled Simulation of Magnetic Rigid Bodies [Westhofen et al. 2024]


https://docs.google.com/file/d/1QJ0CtyA6vN5uapJDF5Lu5zp3wRX7JGPR/preview

Examples
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https://docs.google.com/file/d/1CFLsl9i4MqmppxveBNDUSN0dStUhuLvb/preview

Long History of Optimization in Simulation
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Figure 1: Example-based materials allow the simulation of flexible structures with art-directable deformation behavior.



Let’'s Optimi
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Recap

e First and foremost: modeling

e [These need to hold certain properties

e \We need information about them (e.g. derivatives)
e \We need proper solver infrastructure

We get robust and unified strong coupling
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Foundations
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Foundations TOC

. Optimization Time Integration

. Newton’s Method

. Global Derivatives and Assembly

. Penalty and Barrier Constraints

. Line Search

. Descent Directions and Hessian Definiteness
. Convergence and Inexactness
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Optimization Time Integration

mass i+
/'/' . /posmon
Equations of Motion: Myv = Zf,-(x, V)
; ~—velocity
forces

(Backward Euler)
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Optimization Time Integration
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But how?
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Newton's Method

— ¢ \ 1
Quadratic model: my (AX) =|E (X)) +|VE (X))TAX | 2AXYIVZE (X)]Ax

Go to minimizer: VzE(x) Ax = —VE(Xx)




Newton's Method
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Global Derivatives and Assembly

(
Neo-Hookean energy

P Set of unigue potentials
f~ Set of discretization elements

178 (%(Ic — 3) + plog(det(F,)) + %log2 (det(Fe)))

Inertia energy
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Multi Systems

Multiple sets of DoFs:

T
X = (X0,X1,...,Xn)

STARK [Fernandez-Fernandez et al. 2024]
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Penalty and Barrier Constraints

SymX [Fernandez-Fernandez et al. 2025]
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Penalty and Barrier Constraints

stiffness >> 0

constraint violation
| //2

Make it expensive: 0p(X) = = ke C(x)
Activation: Barrier:
o) 0, C(x) <0, 0 Cx) <0
in\X) = X
% C(X)37 0< C(X) Op(X) = < —kp C(x)21n<1 Cél(nn)> 0 < C(x) < Clim
00 C(X) 2 Chm
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Penalty and Barrier Constraints
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Equality Quadratic
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Inequality Cubic Barrier (C, =1)

25



Line Search

Remember?

E(x?) > E(x")

Backtracking!

26



Line Search

Different start Backtracking

& \

... never to be seen again ( 27



Line Search

Armijo’s Condition
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Line Search

Our line search procedure:

e Step cap

o Avoids stupidly large steps. Potentially useful for quasistatics.

e Max step
o Computable max step length in the search direction. E.g. Continuous Collision Detection.

e Admissibility backtracking

o Backtrack from negative logarithms and sqrts, inverted elements...

e Armijo’s condition backtracking
o Ensures sufficient descend

29



Line Search

Progressively Projected Newton’s Method [Fernandez-Fernandez et al. 20206]
30



Descent Directions And Hessian Definiteness

First iteration
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Descent Directions And Hessian Definiteness

Indefiniteness / Non-convex

We need descent directions: Ax'g < 0

<( <(
HAx = -g —» —-Ax"HAx = Ax’g <0
>0

pTHp>O, Vp#0

H is Symmetric Positive (Semi)definite
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Descent Directions And Hessian Definiteness

MxM
Goal: Non-negative eigvals in H Hx)= Y Y P.[H,(x)P.
pEP ecT,
: ] e _ T > HE —ODOT
Projected/Filtered Newton H, =QDQ H?, =QDQ

Adaptive Projection
e Project-on-Demand when needed)

® Progressive (when and where needed) -« Wednesday - 16:00-17:15 - Kino 5
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Descent Directions And Hessian Definiteness
= ~~;:f—r
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Convergence and Inexactness

e Newton is rarely driven to very high accuracy
e Line search ensures admissible progress

e Common convergence criteria:

o Fixed Newton iterations
o Residual norm [/ VEX)// <¢
o Stepsize [[Ax// <e. [m]

[N]

res

step

Different residual scales!

SymX [Fernandez-Fernandez et al. 2025]
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Convergence and Inexactness

o

<10"m/s

/711N

Progressively Projected Newton’s Method [Fernandez-Fernandez et al. 20206]

Consequences of Inexactness:
e Damping
e Overstretching
e Drifting/Sliding

At"||Ax||_< tol

<103

m/s
<10 m/s
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Forcing Sequence

Iterative linear system solver (PCG)

Early exits can be very cheap
0 £,,<10" vs g, <107

Far from x™ we can be inexact
Very significant performance boost

Good practical proxy:

37



Newton’s Procedure

Algorithm 1 Newton’s method for optimization of the Backward
Euler incremental potential.

: X+ X = xPY + ArvP™Y

2: while not converged do

3: assemble gradient g(x) and Hessian H(x)
4: H « prOJect(H)

5 solve HAX = —g

6: find step size o by line search
7: X <— X+ 0AX
3:

9:

end while
— (x —xP™") /At




Recap

. Optimization Time Integration

. Newton’'s Method

. Global Derivatives and Assembly

. Penalty and Barrier Constraints

. Line Search

. Descent Directions and Hessian Definiteness
. Convergence and Inexactness
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SymX: Symbolic Differentiation for Nonlinear Optimization

0]

README #[3 Apache-2.0 license

SymX

Symbolic differentiation. C++ code generation. JIT compilation. Global assembly. Non-linear optimization.

SymX is a C++ library for symbolic differentiation with automatic code generation, compilation and
evaluation. Write complex mathematical expressions concisely, differentiate them arbitrarily, and let SymX
evaluate them on your data structures — including global gradient and Hessian assembly.

SymX targets non-linear optimization pipelines typical of FEM solvers, but it can be used for any application
that needs JIT compiled math. It uses a stencil-based perspective: expressions are defined per element and
evaluated over a discretization. SymX is the core engine of , @ simulation framework for FEM elasticity,
shells, rigid bodies, and frictional contact.

40



Any questions?



SymX Examples



Where to find it

[IJ README &[5 Apache-2.0 license

SymX

Symbolic differentiation. C++ code generation. JIT compilation. Global assembly. Non-linear optimization.

SymX is a C++ library for symbolic differentiation with automatic code generation, compilation and
evaluation. Write complex mathematical expressions concisely, differentiate them arbitrarily, and let SymX
evaluate them on your data structures — including global gradient and Hessian assembly.

SymX targets non-linear optimization pipelines typical of FEM solvers, but it can be used for any application
that needs JIT compiled math. It uses a stencil-based perspective: expressions are defined per element and
evaluated over a discretization. SymX is the core engine of , @ simulation framework for FEM elasticity,
shells, rigid bodies, and frictional contact.

ithub.com/InteractiveComputerGraphics/SymX

SymX docs

SymX Documentation

Welcome to the SymX documentation pages. SymX is a C++ library for symbolic differentiation, code
generation, and evaluation, designed primarily for non-linear optimization in physics simulation and
FEM. Check out the SymX GitHub repo.

In these pages you will find an overview on how SymX works and how to use it through its levels of
abstraction. Every explanation comes with example snippets. Note that this is more of a tutorial or a
walkthrough than an extensive documentation in a traditional Doxygen sense.

Another important goal of this guide is to help you assess whether SymX can be useful to you. There
are many different ways to use symbolics, differentiation and just-in-time compilation, and SymX
supports a few use cases out-of-the-box. There are three entry points available in SymX:

1. Single Expression: Compose a symbolic expression (possibly differentiated), compile it, set values,
run it, read the output.
. Stencil-based Loops: Compose a symbolic expression (possibly differentiated) to be evaluated in a

loop over many instances of an stencil. This is the core of FEM assemblers and iterative
predictor/corrector solvers such as Jacobi or Gauss-Seidel.

. Non-linear Optimization: Define potentials + discretizations + degrees of freedom and let SymX find
the global solution using Newton’s Method. It will take care of differentiation, compilation and
evaluation automatically.

sics-simulation.orq/




What is SymX?

/

Simulation Model

-

-

Neo-Hookean energy

V. (guc ~ 3) + plog(det(F.)) + 2log? (det(Fe»)
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Inertia energy
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Symbolic Math Engine

a SymX

>

(

Scalar neohookean_strain_energy_tet4(
std::vector<Vector>& Xe, std::vector<Vector>& xe,
Scalar& mu, Scalar& lambda)

Matrix Dm jacobian_tet4 (Xe);
Matrix Ds jacobian_tet4(xe);
Matrix F = Ds*xDm.inv();

Scalar Ic F.frobenius_norm_sq();
Scalar 17J log(F.det());

Scalar vol = Dm.det()/6;
return vol*xpsi;

Scalar psi = 0.5*mu*(Ic-3) - mux1J + @.5%x1lambda*x1J*17;

)

\? J
N\
Scalar inertia_energy(Vector& x, Vector& x0,
Vector& v@, Vector& a, Scalar& dt, Scalar& m)
{
)' Vector x_tilde = x0 + dtxve + dtxdtxa;
return 0.5xm/(dtxdt)*(x - x_tilde).squared_norm();
b
& 2
|
S mbohc Code Generation
Y Assembly
Differentiation & Compilation

-

A

/Simulation System\

—)[Newton solverJ

{ Time step ]

_yy

<

<5

A 4

SymX [Fernandez-Fernandez et al. 2025]
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STARK

[IJ README 3 Apache-2.0 license

STARK

STARK is a C++ and Python simulation platform that provides easy access to state-of-the-art methods to robustly
solve simulations of rigid and deformable objects in a strongly coupled manner. To the best of our knowledge,
no other existing open source simulation environment provides such a rich collection of models, including
coupling, with the same level of robustness. STARK has been validated through real-world, challenging cases of
interactions between robots and deformable objects, see the

https://github.com/Interactive ComputerGraphics/stark

Simulation Platform

e Model repository
o Deformables
o Rigid Bodies
o Frictional Contact
e Scripting
e Python AP
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Example: Cloth Simulation
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