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Interlinked SPH Pressure Solvers for Strong Fluid -Rigid Coupling [Gissler et al., 2019]
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ǒ Abundance of physics simulation methods
ƺ Physical materials

ƺ Physical phenomena

ǒ Multiphysics simulation

ƺ Interacting materials and phenomena

ǒ Applications in many industries

ƺ Entertainment

ƺ Engineering

ƺ Training

Introduction

41 Introduction

Snow simulation for the movie Frozen [Stomakhinet al., 2013]

Robotic vacuum cleaner colliding with carpet [Fernandez-Fernandez et al., 2024]
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Eulerian
(ex: grid)

ǒ How to classify multiphysicssimulation methods?

ƺ Domain discretization

Introduction

61 Introduction

Lagrangian
(ex: particles)

Hybrid
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Introduction

71 Introduction

Unified Models

Monolithic modeling frameworks, 
yielding strong two-way coupling

Coupling Techniques

Techniques for two-way coupling of 
multiple models or discretizations

ǒ How to classify multiphysicssimulation methods?

ƺ Domain discretization

ƺ Behavior and interaction modeling
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Unified Models

Monolithic modeling frameworks, 
yielding strong two-way coupling

Ə
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Coupling Techniques

Techniques for two-way coupling of 
multiple models or discretizations
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111 Introduction

Coupling Techniques

Techniques for two-way coupling of 
multiple models or discretizations
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Introduction

121 Introduction

Coupling Techniques

Techniques for two-way coupling of 
multiple models or discretizations
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ǒ Part I: Constraint -Based Multiphysics Modeling

ƺ Flexible, Lagrangiandomain discretization

ƺ Behavior and interactions modeled using constraint functions

Structure of the Talk Series

132 Structure of the Talk

Robotic hand grasping an elastic cube 
[Fernandez-Fernandez et al., 2024]
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ǒ Part I: Constraint-Based Multiphysics Modeling

ǒ Part II: Energy -Based Multiphysics Modeling

ƺ Equally flexible domain discretization

ƺ Behavior and interactions modeled using energy functions

Structure of the Talk Series

142 Structure of the Talk

Robotic hand grasping an elastic cube 
[Fernandez-Fernandez et al., 2024]
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ǒ Part I: Constraint-Based Multiphysics Modeling

ǒ Part II: Energy-Based Multiphysics Modeling

ǒ Part III: Lagrangian Point -Based, Eulerian and Hybrid Methods

ƺ Lagrangian, Eulerian and Hybrid discretizations

ƺ Simulated domain treated as a continuum

Structure of the Talk Series

152 Structure of the Talk

Robotic hand grasping an elastic cube 
[Fernandez-Fernandez et al., 2024]
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Part I
Constraint-Based Multiphysics Modeling
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ǒ NewtonƔs 2nd law of motion

A Unified Modeling Framework

183.1 A Unified Modeling Framework

Ἑὀ Ἦὀ

ὀ ὼȟȣȟὼ Generalized coordinates
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ǒ NewtonƔs 2nd law of motion

ǒ Constraints as unified modeling tool

ƺ Idea: directly model the desired behavior

A Unified Modeling Framework

193.1 A Unified Modeling Framework
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ὀ ὼȟȣȟὼ Generalized coordinates
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ǒ NewtonƔs 2nd law of motion

ǒ Constraints as unified modeling tool

ƺ Idea: directly model the desired behavior

A Unified Modeling Framework

203.1 A Unified Modeling Framework

Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὅ ὀȟȣȟὅ ὀ

ὀ ὼȟȣȟὼ

Bilateral constraints

Generalized coordinates

ὀ

Ὠ

ὅ ὀ ὀ ὀ Ὠ π

Distance constraint

ὀ

ὀ

Ὠ

ὀ

ὀȟά



Multiphysics Simulation Methods in Computer Graphics ƝEG 2025, London

ǒ NewtonƔs 2nd law of motion

ǒ Constraints as unified modeling tool

ƺ Idea: directly model the desired behavior

A Unified Modeling Framework

213.1 A Unified Modeling Framework
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ǒ NewtonƔs 2nd law of motion

ǒ Constraints as unified modeling tool

ƺ Idea: directly model the desired behavior

A Unified Modeling Framework

223.1 A Unified Modeling Framework
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Bilateral constraints

Unilateral constraints

Generalized coordinates
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1) Discretization of equations of motion

A Unified Modeling Framework: Discretization

233.1 A Unified Modeling Framework

Simulated material domains

Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Equations of motion

?
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1) Discretization of equations of motion

A Unified Modeling Framework: Discretization

243.1 A Unified Modeling Framework
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Ἅ ὀ

ὼ

ὸ

ώ

Discretize in
space and time

Equations of motion
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1) Discretization of equations of motion

ǒ Two popular approaches

ƺ Position -level formulation: Position Based Dynamics

ƺ Velocity -level formulation: Nonsmooth Multidomain Dynamics

ǒ Very stable, even under coarse discretizationsand large time steps

ƺ Good choice for real -time and interactive applications

A Unified Modeling Framework: Discretization

253.1 A Unified Modeling Framework

Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ
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2) Multiphysics Modeling

ǒ What do we need?

ǒ Constraint function definition

A Unified Modeling Framework: Multiphysics Modeling

263.1 A Unified Modeling Framework

Ἅ ὀ

Ἅ ὀ

Constraint functions Multiple material domains in interaction

?
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A Unified Modeling Framework

273.1 A Unified Modeling Framework

Water

Multiple material domains

Cloth

Wood

Metal
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Ἅ Ⱦ

Ἅ Ⱦ

A Unified Modeling Framework

283.1 A Unified Modeling Framework

Water

Material interactions

Cloth

Wood

Metal
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Interaction
constraints

Water

Boundary

Water
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Fluids DeformablesRigid Bodies Granular Materials

30

Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains

ὀ ίέὰὺὩὶὀȟἾȟɝὸ Ἶ ίέὰὺὩὶὀȟἾȟɝὸ

2) Multiphysics modeling
via constraints
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains
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Fluids DeformablesRigid Bodies Granular Materials
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains

ὀ ίέὰὺὩὶὀȟἾȟɝὸ Ἶ ίέὰὺὩὶὀȟἾȟɝὸ

Fluids DeformablesRigid Bodies Granular Materials
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Position Based Dynamics

333.2 Position-Level Formulation

Rigid car with flexible tires [MŜller et al., 2020] Plastic modeling clay [Yu et al., 2024]

Position Based Fluids [Macklin and MŜller, 2013]

Deformed cloth [Bender et al., 2014]

Rod forming plectonemes [Deul et al., 2018] Cream [Barreiro et al., 2017]
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ǒ Predictor-Corrector scheme [MŜller et al., 2006]

1. Predict : Predict unconstrained positions

2. Correct : Correct constrained positions in solver

ǒ Different solver types:

ƺ Iterative, e.g., Gauss-Seidel, or Jacobi

ƺ Direct [Goldenthal et al., 2007; Deul et al., 2018]

Position Based Dynamics: Discretization

343.2 Position-Level Formulation
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2. Solver:

Correction along constraint gradient

1. Prediction with forward Euler:
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ǒ Predictor-Corrector scheme [MŜller et al., 2006]

1. Predict : Predict unconstrained positions

2. Correct : Correct constrained positions in solver

ǒ Different solver types:

ƺ Iterative, e.g., Gauss-Seidel, or Jacobi

ƺ Direct [Goldenthal et al., 2007; Deul et al., 2018]

Position Based Dynamics: Discretization

353.2 Position-Level Formulation

Ἰ ὀ ɝὸἾ ɝὸ
Ἦὀ

ά

ɝἸ ʇἙ ὅɳἸ

ʇ
ὅἸ

ὅɳἸ Ἑ ὅɳἸ

2. Solver:

Correction along constraint gradient

Need: Constraint error and gradient

1. Prediction with forward Euler:
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ǒ Predictor-Corrector scheme [MŜller et al., 2006]

1. Predict : Predict unconstrained positions

2. Correct : Correct constrained positions in solver

ǒ Different solver types:

ƺ Iterative, e.g., Gauss-Seidel, or Jacobi

ƺ Direct (Goldenthal et al., 2007; Deul et al., 2018)

ǒ 3. Update velocity from position change

ƺ No extrapolation, yields high stability

Position Based Dynamics: Discretization

363.2 Position-Level Formulation
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2. Solver:

Correction along constraint gradient

1. Prediction with forward Euler:
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ǒ Predictor-Corrector scheme [MŜller et al., 2006]

1. Predict : Predict unconstrained positions

2. Correct : Correct constrained positions in solver

ǒ Different solver types:

ƺ Iterative, e.g., Gauss-Seidel, or Jacobi

ƺ Direct [Goldenthal et al., 2007; Deul et al., 2018]

ǒ 3. Update velocity from position change

ƺ No extrapolation, yields high stability

ƺ But some limitations (more later)

Position Based Dynamics: Discretization

373.2 Position-Level Formulation
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2. Solver:

Correction along constraint gradient

1. Prediction with forward Euler:
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3. Update velocity and position:
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Limitations of original PBD

1. Time-step and iteration dependence

2. Resolution dependence

Position Based Dynamics: Discretization

383.2 Position-Level Formulation

Increased stiffness with larger iteration count in original PBD [Bouaziz et al., 2014]

less iterations more iterations
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Limitations of original PBD

1. Time-step and iteration dependence

2. Resolution dependence

1. overcome by eXtended PBD (XPBD) [Macklin et al., 2016]

ƺ Derived from elastic energy potential Ὗ[Servin et al., 2006]

Position Based Dynamics: Discretization

393.2 Position-Level Formulation
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Original PBD: XPBD:Elastic energy:

ɻ: compliance

Bouaziz et al., 2014
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Limitations of original PBD

1. Time-step and iteration dependence

2. Resolution dependence

1. overcome by eXtended PBD (XPBD) [Macklin et al., 2016]

ƺ Derived from elastic energy potential Ὗ[Servin et al., 2006]

Position Based Dynamics: Discretization

403.2 Position-Level Formulation

Bouaziz et al., 2014

Macklin et al., 2016Original PBD XPBD

less iterations more iterations less iterations more iterations
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Limitations of original PBD

1. Time-step and iteration dependence

2. Resolution dependence

1. overcome by eXtendedPBD (XPBD)[Macklin et al., 2016]

2. overcome by Bender et al. ( 2014)

ƺ Continuous, deformable materials

ƺ Tetrahedral volume elements (FEM-style)

ƺ Position-level constraint of the strain energy

Position Based Dynamics: Discretization

413.2 Position-Level Formulation

Bender et al., 2014
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains
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Fluids DeformablesRigid Bodies Granular Materials
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains

ὀ ίέὰὺὩὶὀȟἾȟɝὸ Ἶ ίέὰὺὩὶὀȟἾȟɝὸ
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ǒ Density constraint ὅ [Bodin et al., 2012]

ƺ Models incompressible fluid

ƺ Enforces uniform reference density ” at ὀ

Position Based Fluids [Macklin and MŜller, 2013]

443.2 Position-Level Formulation
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Real-time Position Based Fluid simulation [Macklin and MŜller, 2013]
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ǒ Density constraint ὅ [Bodin et al., 2012]

ƺ Models incompressible fluid

ƺ Enforces uniform reference density ” at ὀ

ǒ SPH-based material interpolation

ƺ Smoothing kernel ὡ with radius Ὤ

Position Based Fluids [Macklin and MŜller, 2013]

45
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Macklin and MŜller, 2013
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ǒ Density constraint ὅ [Bodin et al., 2012]

ƺ Models incompressible fluid

ƺ Enforces uniform reference density ” at ὀ

ǒ SPH-based material interpolation

ƺ Smoothing kernel ὡ with radius Ὤ

ǒ Constraint gradient for inclusion in PBD

Position Based Fluids [Macklin and MŜller, 2013]

46
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3.2 Position-Level Formulation
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ǒ Density constraint ὅ [Bodin et al., 2012]

ƺ Models incompressible fluid

ƺ Enforces uniform reference density ” at ὀ

ǒ Extensions

ƺ Multi -phase fluids & smoke
[Macklin et al., 2014]

Position Based Fluids [Macklin and MŜller, 2013]

47

Macklin et al., 2014

3.2 Position-Level Formulation
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ǒ Density constraint ὅ [Bodin et al., 2012]

ƺ Models incompressible fluid

ƺ Enforces uniform reference density ” at ὀ

ǒ Extensions

ƺ Multi-phase fluids & smoke
[Macklin et al., 2014]

ƺ Viscous fluids & phase transitions
[Takahashi et al., 2014]

Position Based Fluids [Macklin and MŜller, 2013]

48

Takahashi et al., 2014

3.2 Position-Level Formulation
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ǒ Density constraint ὅ [Bodin et al., 2012]

ƺ Models incompressible fluid

ƺ Enforces uniform reference density ” at ὀ

ǒ Extensions

ƺ Multi-phase fluids & smoke
[Macklin et al., 2014]

ƺ Viscous fluids & phase transitions
[Takahashi et al., 2014]

ƺ Strong surface tension [Xing et al., 2022]

Position Based Fluids [Macklin and MŜller, 2013]

49

Xing et al., 2022

3.2 Position-Level Formulation
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ǒ Density constraint ὅ [Bodin et al., 2012]

ƺ Models incompressible fluid

ƺ Enforces uniform reference density ” at ὀ

ǒ Extensions

ƺ Multi-phase fluids & smoke
[Macklin et al., 2014]

ƺ Viscous fluids & phase transitions
[Takahashi et al., 2014]

ƺ Strong surface tension [Xing et al., 2022]

ƺ Viscoelastic and elastoplastic fluids [Barreiro et al., 2017]

ƴ Hybrid velocity-based / position-based solver

ƴ Enforces both position -level and velocity -level constraints

Position Based Fluids [Macklin and MŜller, 2013]

50

Barreiro et al., 2017

3.2 Position-Level Formulation
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ǒ PBD extended to rigid bodies [Deul et al., 2014]

ƺ Introduce rotations Ἱ

ƺ Scalar particle mass ά becomes rigid body mass matrix Ἑ

ƺ Efficient representation

Position Based Rigid Bodies

51

Rigid elk collides with rubber ducky [Deul et al., 2014]
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Ἑ

3.2 Position-Level Formulation



Multiphysics Simulation Methods in Computer Graphics ƝEG 2025, London

ǒ PBD extended to rigid bodies [Deul et al., 2014]

ƺ Introduce rotations Ἱ

ƺ Scalar particle mass ά becomes rigid body mass matrix Ἑ

ƺ Efficient representation

Position Based Rigid Bodies

52

Correction of particles Correction of rigid bodies [MŜller et al., 2020]

ὀ
ά

ὀȟἹ

Ἑ

3.2 Position-Level Formulation
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ǒ PBD extended to rigid bodies [Deul et al., 2014]

ǒ Compatible with PBD particles

ƺ Strong two-way coupling

ƺ Shows flexibility of PBD discretization

ǒ Joints and friction [Deul et al., 2014]

ǒ Restitution [MŜller et al., 2020]

ƺ Via additional velocity -level solve

Position Based Rigid Bodies

53

Rigid car with deformable tires drives over obstacles [MŜller et al., 2020]

3.2 Position-Level Formulation
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ǒ Mostly tetrahedral/triangular discretization

ǒ Deformable material constraints

ƺ Constrain strain energy [Bender et al., 2014]

ƺ Constrain strain tensor [MŜller et al., 2015]

ƺ Constraint derived from elastic energy potential
[Macklin et al., 2016; Francu et al., 2017]

ƺ Shape matching [Chentanezet al., 2016]

Position Based Deformables

54

Cloth simulation using strain energy constraint [Bender et al., 2014]

Hookean, isotropic cantilever beam [Macklin et al., 2016]

NewtonƔs method XPBD

3.2 Position-Level Formulation
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ǒ Mostly tetrahedral/triangular discretization

ǒ Deformable material constraints

ǒ Support for Ə

ƺ Hookean materials
[Bender et al., 2014; Macklin et al., 2016; Francu et al., 2017]

ƺ Hyperelasticmaterials [Bender et al., 2014;

Macklin and MŜller, 2021; Ton-That et al., 2022; Chen et al., 2024]

ƺ Higher-order finite elements
[Saillant et al., 2024]

Position Based Deformables

553.2 Position-Level Formulation

Hyperelasticmaterials under compression [Bender et al., 2014]
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ǒ Co-dimensional structure

ƺ Ideal for hair, fur, vegetation, cables, ropes, Ə

ǒ Cosserat rod theory in PBD [Umetaniet al., 2015]

ƺ Elastic rods with stretching, bending and torsion

ƺ Consistent material frames through added ghost points

Position Based Rods

56

Ghost points (cyan) for defining rod material frames [Umetaniet al., 2015] Squishy ball hits a wall [Umetaniet al., 2015]

3.2 Position-Level Formulation
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ǒ Co-dimensional structure

ƺ Ideal for hair, fur, vegetation, cables, ropes, Ə

ǒ Cosserat rod theory in PBD [Umetaniet al., 2015]

ǒ Extensions

ƺ Material frames via quaternions [Kugelstadtand SchŃmer, 2016]

ƺ High material stiffness via direct solver [Deul et al., 2018]

ƺ Volumetric deformations with volume conservation
[Angles et al., 2019]

Position Based Rods

573.2 Position Based Dynamics

Twisted rod forming plectonemes [Deul et al., 2018]

Muscles modeled using volumetric rods [Angles et al., 2019]
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ǒ Two common approaches

ƺ DEM-based & Continuum-based 

ǒ DEM-based

ƺ PBD soil particles

ƺ Particle interaction constraints

ƴ Viscoelastic collisions
[Holz, 2014; Macklin et al., 2016; Francu et al., 2017]

ƴ Coulomb friction [Macklin et al., 2014; Holz, 2014]

ƴ Cohesion [Holz and Galarneau, 2018]

Position Based Granular Materials

58

Excavator digging in clay type soil [Holzand Galarneau, 2018]

3.2 Position-Level Formulation
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ǒ Continuum-based

ƺ Plasticity theory in PBD [Yu et al., 2024]

ƴ eXtended Position -Based Inelasticity (XPBI)

ƺ Viscoplasticand elastoplastic materials
ƴ Strongly coupled sand, water, snow, metal, and foam

ƺ Employs a hybrid grid-particle discretization (cf. MPM)
ƴ Well-suited for large deformations and fracture

ƺ Challenge:

ƴ Needs accurate estimates of deformation gradient ἐ

ƴ Depends on future velocity gradient ɳἾ

ƴ Approach: Reformulate XPBD on the velocity -level

ǒ Next slideƏ

Position Based Granular Materials

59

Sandcastle washed away by water in XPBI [Yu et al., 2024]

ἐ ἐ ɝὸɳἾ ἐ

Calculation of future
deformation gradient ἐ

3.2 Position-Level Formulation
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XPBD vs. XPBI (velocity-level)

60
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3. Update velocity:

XPBD:

1. Predict position:

2. Correct positions iteratively in solver:

3.2 Position-Level Formulation
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ἾN Ἶ ɝὸἙ Ἦὀ

XPBD vs. XPBI (velocity-level)
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ɝʇ
ὅἸ ɻȾɝὸʇ

ὅɳἸ Ἑ ὅɳἸ ɻȾɝὸ

ʇN ʇ ɝʇ

ɝʇ
ὅὀ ɝὸἾ ɻȾɝὸʇ

ὅɳὀ ɝὸἾ Ἑ ὅɳὀ ɝὸἾ ɻȾɝὸ

ʇN ʇ ɝʇ

ɝἾ
ρ

ɝὸ
Ἑ ὅɳὀ ɝὸἾɝʇ

ἾN Ἶ ɝἾ

ὀN ὀ ɝὸἾ

ὀN Ἰ

ἾN Ἰ ὀȾɝὸ

ɝἸ Ἑ ὅɳἸɝʇ

ἸᴺἸ ɝἸ

Ἰ ὀ ɝὸἾ ɝὸἙ Ἦὀ

3. Update position from new velocity:3. Update velocity from new position:

XPBD: XPBI (velocity-level XPBD):

1. Predict position: 1. Predict velocity:

2. Correct positions iteratively in solver: 2. Correct velocities iteratively in solver:

3.2 Position-Level Formulation
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains

ὀ ίέὰὺὩὶὀȟἾȟɝὸ Ἶ ίέὰὺὩὶὀȟἾȟɝὸ

Fluids DeformablesRigid Bodies Granular Materials
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains

ὀ ίέὰὺὩὶὀȟἾȟɝὸ Ἶ ίέὰὺὩὶὀȟἾȟɝὸ

Fluids DeformablesRigid Bodies Granular Materials
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains

ὀ ίέὰὺὩὶὀȟἾȟɝὸ Ἶ ίέὰὺὩὶὀȟἾȟɝὸ

Fluids DeformablesRigid Bodies Granular Materials



Multiphysics Simulation Methods in Computer Graphics ƝEG 2025, London

Velocity-Level Formulation
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Adhesive jello [Gascon et al., 2010] Chain with heavy weight [Andrews et al., 2022] Constraint Fluids [Bodin et al., 2012]

Constraint-based suction [Bernardin et al., 2022]Rods wrapped around rigid beam [Servin et al., 2010]

3.3 Velocity-Level Formulation
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ǒ Nonsmooth, rigid body dynamics modeling[Moreau, 1963; Moreau, 1985]

ƺ Well-suited for hard, unilateral interactions, e.g., contacts

ǒ Applied in numerous popular rigid body dynamics methods [Bender et al., 2014]

Velocity-Level Formulation: Nonsmooth Dynamics
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Ἑὀ Ἑ
Ἶ Ἶ

ɝὸ
Ἦ Ἦ

ἍɳἾ

ἍɳἾ

Equations of motion on velocity level

3.3 Velocity-Level Formulation

Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Equations of motion



Multiphysics Simulation Methods in Computer Graphics ƝEG 2025, London

ɝὸἮ Ἅɳ Ἅɳ

ǒ Nonsmooth, rigid body dynamics modeling[Moreau, 1963; Moreau, 1985]

ƺ Well-suited for hard, unilateral interactions, e.g., contacts

ǒ Applied in numerous popular rigid body dynamics methods [Bender et al., 2014]

ƺ Lagrange multiplier method

ƺ Linear Complementarity Problem (LCP) formulation

Velocity-Level Formulation: Nonsmooth Dynamics
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ɝὸἮ Ἅɳ Ἅɳ

Ἑ Ἅɳ Ἅɳ

Ἅɳ

Ἅɳ

Ἶ ἙἾ ɝὸἮ

Ἷ

Ἷ Ṷ

Ἑ
Ἶ Ἶ

ɝὸ
Ἦ Ἦ

ἍɳἾ

ἍɳἾ

Mixed Linear Complementarity Problem (MLCP)

Constraint impulses as
Lagrange multipliers

Equations of motion on velocity level

3.3 Velocity-Level Formulation

Equations of motion on velocity level



Multiphysics Simulation Methods in Computer Graphics ƝEG 2025, London

ǒ Nonsmooth, rigid body dynamics modeling[Moreau, 1963; Moreau, 1985]

ƺ Well-suited for hard, unilateral interactions, e.g., contacts

ǒ Applied in numerous popular rigid body dynamics methods [Bender et al., 2014]

Velocity-Level Formulation: Nonsmooth Dynamics
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ɝὸἮ Ἅɳ Ἅɳ

Ἑ Ἅɳ Ἅɳ

Ἅɳ

Ἅɳ

Ἶ ἙἾ ɝὸἮ

Ἷ

Ἷ Ṷ

ἍɳἾ

ἍɳἾ

Mixed Linear Complementarity Problem (MLCP)

Constraint impulses as
Lagrange multipliers

Equations of motion on velocity level

3.3 Velocity-Level Formulation

ɝὸἮ Ἅɳ Ἅɳ

Constraint impulses as
Lagrange multipliers

Equations of motion on velocity level
Unilateral constraints through complementarity

Slack variable: constraint velocity

Contact example:

ύ π᷈ʇ π

Impact

ύ π᷈ʇ π

Separation
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ǒ Nonsmooth, rigid body dynamics modeling[Moreau, 1963; Moreau, 1985]

ǒ Applied in numerous popular rigid body dynamics methods [Bender et al., 2014]

ǒ Different solver types

ƺ Iterative, e.g., Gauss-Seidel, or Jacobi
ƴ Favorable efficiency

ƺ Direct, e.g., pivoting solvers
ƴ Ideal for high stiffness/mass ratios

ƺ Hybrid (direct/iterative)
ƴ Combined benefits

Velocity-Level Formulation: Nonsmooth Dynamics
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Hybrid direct/iterative solver in Unity Physics

3.3 Velocity-Level Formulation
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ǒ Limitations

1. Only hard constraints, e.g., rigid bodies with hard contacts

2. Position ƕdriftƖ at velocity-level

Nonsmooth Multidomain Dynamics
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ἍɳἾ
Ȧ

Ἅὀ
Ȧ

Andrews et al., 2022

3.3 Velocity-Level Formulation
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ǒ Limitations

1. Only hard constraints, e.g., rigid bodies with hard contacts

2. Position ƕdriftƖ at velocity-level

ǒ Generalization to Nonsmooth Multidomain Dynamics (NMD)

1. Multiple material domains: model more than rigid bodies

Nonsmooth Multidomain Dynamics

71

ἍɳἾ
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3.3 Velocity-Level Formulation
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ǒ Limitations

1. Only hard constraints, e.g., rigid bodies with hard contacts

2. Position ƕdriftƖ at velocity-level

ǒ Generalization to Nonsmooth Multidomain Dynamics (NMD)

1. Multiple material domains: model more than rigid bodies

ƴ ƕSoftenƖ the constraints [Servin et al., 2006]

ƴ Robust, physically meaningful parametrization

ǒ Constraints as stiff limits of energy potentials Ὗὀ

ǒ Compliance matrix ɻ

Nonsmooth Multidomain Dynamics
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Ὗὀ
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ς
Ἅὀ ɻ Ἅὀ

Ἅὀ ʇɻ
Ȧ

ἍɳἾ
Ȧ
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3.3 Velocity-Level Formulation
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ǒ Limitations

1. Only hard constraints, e.g., rigid bodies with hard contacts

2. Position ƕdriftƖ at velocity-level

ǒ Generalization to Nonsmooth Multidomain Dynamics (NMD)

1. Multiple material domains: model more than rigid bodies

ƴ ƕSoftenƖ the constraints [Servin et al., 2006]

ƴ Robust, physically meaningful parametrization

ǒ Constraints as stiff limits of energy potentials Ὗὀ

ǒ Compliance matrix ɻ

2. Constraint stabilization

ƴ Deals with position ƕdriftƖ problem

Nonsmooth Multidomain Dynamics
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ἍɳἾ ɻʇ
Ȧ
ἍὀȾɝὸ

Ὗὀ
ρ

ς
Ἅὀ ɻ Ἅὀ

Ἅὀ Ἅὀ ɝὸɳἍἾ

Ἅὀ ʇɻ
Ȧ

ἍɳἾ
Ȧ

Ἅὀ
Ȧ

3.3 Velocity-Level Formulation
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ǒ Update formulation:

Nonsmooth Multidomain Dynamics
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Ἑ Ἅɳ Ἅɳ

Ἅɳ

Ἅɳ

Ἶ ἙἾ ɝὸἮ

Ἷ

Ἷ Ṷ

ἍɳἾ

ἍɳἾ

3.3 Velocity-Level Formulation
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ǒ Update formulation:

Nonsmooth Multidomain Dynamics
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Ἑ Ἅɳ Ἅɳ

Ἅɳ ɻ

Ἅɳ ɻ

Ἶ ἙἾ ɝὸἮ
Ἅ ὀȾɝὸ
Ἅ ὀȾɝὸ Ἷ

Ἷ Ṷ

ἍɳἾ

ἍɳἾ

ἍɳἾ ɻʇ Ἅ ὀȾɝὸ

ἍɳἾ ɻʇ Ἅ ὀȾɝὸ

Constraint Relaxation

Constraint Stabilization

3.3 Velocity-Level Formulation
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ǒ Update formulation:

Nonsmooth Multidomain Dynamics
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Ἑ Ἅɳ Ἅɳ

Ἅɳ ɻ

Ἅɳ ɻ

Ἶ ἙἾ ɝὸἮ
Ἅ ὀȾɝὸ
Ἅ ὀȾɝὸ Ἷ

Ἷ Ṷ

ἍɳἾ

ἍɳἾ

ἍɳἾ ɻʇ Ἅ ὀȾɝὸ

ἍɳἾ ɻʇ Ἅ ὀȾɝὸ

Guaranteed positive definite                             

3.3 Velocity-Level Formulation
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Ἑὀ Ἦὀ

Ἅ ὀ

Ἅ ὀ

Unified modeling framework

1) Discretization of 
equations of motion

2) Multiphysics modeling
via constraints

Equations of motion

Position -level formulation Velocity -level formulation

Simulated material domains
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